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In this paper we studied the fermi arc and the fermi pocket in cuprates in a short-range diagonal
stripe phase with wave vectors (7π/8, 7π/8), which reproduce with a high accuracy the positions and
sizes of the fermi arc and fermi pocket and the superstructure in cuprates observed by Meng et al[3].
The low-energy spectral function indicates that the fermi pocket results from the main band and the
shadow band at the fermi energy. Above the fermi energy the shadow band gradually departs away
from the main band, leaving a fermi arc. Thus we conclude that the fermi arc and fermi pocket can
be fully attributed to the stripe phase but has nothing to do with pairing. Incorporating a d-wave
pairing potential in the stripe phase the spectral weight in the antinodal region is removed, leaving
a clean fermi pocket in the nodal region.
PACS numbers:
I. INTRODUCTION
The pseudo-gap (PG) state of cuprate superconduc-
tors in the normal state is still a mystery to the mech-
anism of high Tc superconductivity. It opens at tem-
perature T ∗ , which is much higher than the transition
temperature Tc of superconductivity. The fermi surface
of an underdoped cuprate in the PG phase is suppressed
in the antinodal region (around (±π, 0) and (0,±π))
and shows a residue part (fermi arc) around the nodal
point(±π/2,±π/2) [1, 2]. In the overdoping region, how-
ever, this phenomenon disappears and a full fermi sur-
face recovers. The fermi arc is usually enclosed by a
weak pocket (fermi pocket). This phenomenon has been
strongly confirmed by a series of measurements of the
angle-resolved photo-emission spectroscopy (ARPES)[3–
5] and some other techniques. Since the PG is similar to
a d-wave gap which opens at the antinodal region and
shrinks to zero at the nodal point, it was thought ever as
the same gap as the d-wave superconducting gap. This is
the one-gap scenario of the PG state, where electrons (or
holes) are pre-paired incoherently above Tc. More and
more evidences, however, showed that the PG is different
from the superconducting gap, but a new gap resulting
from such as spin modulation, charge modulation, or spin
fluctuation, etc[6, 7]. For instance, a few years ago Wen
et al found two different energy scales in the PG state[7],
and recently Takeshi et al found electrons and holes can-
not be pre-paired at such temperatures much higher than
Tc[8].
Meng et al observed rich structures of the PG state in
superconductor Bi2Sr2−xLaxCuO6+δ by ARPES, e.g.,
the Umklapp processes, the shadow bands, and the in-
trinsic excitations[3]. They found a unique superstruc-
ture wave vector (0.24π, 0.24π) between the fermi pock-
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ets and the positions and sizes of the fermi pockets are
almost the same at different doping level in the underdop-
ing region. In addition, it was observed that fermi arcs
and fermi pockets coexist. The understanding to these
phenomena is still very controversial. Recently King et al
claimed that the superstructure, the fermi pocket and the
fermi arc found by Meng et al are not intrinsic but result
from a surface reconstruction[9]. Meng et al, however,
disagreed and refuted them[10].
To explain the fermi arcs and fermi pockets many mod-
els have been proposed, such as the d-density wave[11],
the d-wave check-board order[12, 13] , the bosonic
fluctuation[14], the phase fluctuations[15], and the spin
density wave (SDW) and charge density wave(CDW)
stripe phase[16], etc. These models reproduced the fermi
arcs or fermi pockets but are controversial to each other
and contain some inner problems. For example, the d-
density wave model violates the translational and ro-
tational symmetries; the bosonic fluctuation model as-
sumes a truncated hole band and lacks a clear physical
picture; and the phase fluctuation model produces a fermi
arc without a clear cutoff from the antinodal region and
creates no fermi pocket.
In the last two decades one-dimensional transverse
charge and spin stripes were observed by neutron scatter-
ing experiments and the measurements on the Nernst and
Seebeck Coefficients[17–22]. Various stripe phase models
were considered to explain the magnetic susceptibilities
and other properties of cuprate superconductors[23, 24].
A recent work done by Granath and Andersen employed
a transverse stripe phase to model the fermi arcs and
fermi pockets in cuprates[16]. Their fermi pocket, how-
ever, is too small and asymmetric about the nodal point,
disagreeing with observations. This is the main motiva-
tion of the present paper. In this paper we try to explain
the superstructure and fermi arc observed by Meng et al
as a short-range diagonal stripe phase with wave vectors
(7π/8, 7π/8). Although a diagonal stripe phase was only
observed under doping level 5.5% a short-range diagonal
2stripe phase may still exist in cuprates. The positions
and sizes of the fermi pockets can be reproduced with
a high accuracy by means of this diagonal stripe phase.
The superstructure found by Meng et al can also be ex-
plained in this model.
II. A HALF-FILLED SQUARE LATTICE
We first consider a two dimensional square lattice in
the half-filled state (one electron per site) with an anti-
ferromagnetic (AFM) magnetization. The Hamiltonian
is given as follows
H = H0 +HSDW (1)
where H0 is the free electron Hamiltonian given by
H0 =
∑
kσ(ǫk − µ)C
†
kσCkσ with free electron energy
ǫk = −2t(coskx + cos ky) − 4t
′ cos kx cosky . HSDW is
the spin-density-wave (SDW) coupling between electron
spins and the AFM magnetization written as
HSDW =
∑
i
Mi · Si (2)
where Mi = M0 cos(Q · ri) is the magnetization
strenghth with a diagonal wave vector Q = (π, π) at
lattice site ri, and Si = C
†
iστσρCiρ the electron spin op-
erator.
The Hamiltonian (1) can be exactly diagonalized into
two bands in the folded Brillouin zone (fBZ) of the lattice.
The two band energies are given by
E± =
ǫk + ǫk+Q
2
±
√
(
ǫk − ǫk+Q
2
)2 + (
M0
2
)2 (3)
To view the fermi surface of these two bands is in-
triguing. When t′ = 0 we obtain a clean gapped AFM
insulator with a gap M0/2 locating at the boundary of
the fBZ. In the case of t′ 6= 0, however, the gap appears
at different energies in the fBZ, so that the two bands mix
each other but never touch at any position in the fBZ as
seen in the inset in Fig.1(a). The fermi surfaces for the
free electron case and the SDW case with M0 = 0.5 are
shown in Fig.1(a). In the free electron caseM0 = 0.0 the
red and blue curves connect each other to become a com-
plete fermi surface. When an SDW coupling is built up a
few parts of the fermi surface are missing, as seen as the
black and cyan curves. Comparing with the two energy
bands it is seen that these missing parts take place just
inside the energy gap, i.e, the fermi surface disappears
when it passes the energy gap, see the inset in the fig-
ure. One finds eight pieces of a fermi surface, which are
just the so-called fermi arcs. When the magnetization
becomes further stronger (the gap increases) the fermi
arcs around the four corners of the fBZ retreat gradually
away, keeping the fermi arcs around the nodal point but
being shortened. This band structure character is simi-
lar to that found by Yang et al.[25] in Bi2Sr2CaCu2O8+δ,
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FIG. 1: (a)The fermi surfaces of a square lattice without
doping in the free electron state M0 = 0.0 (red and blue
curves) and the SDW state M0 = 0.5 (black and cyan cures).
The inset shows schematically the two band energies, E+ and
E−, on the folded BZ boundary and the fermi energy EF in
the SDW state M0 = 0.5. (b)The logarithmic spectral func-
tion A(k, ω = 0.0) in the SDW state in the first quadrant.
The band parameters are set to be t = 1, t′ = −0.4, µ =
−0.8, kT = 0.002 .
where a gap appears above the fermi surface in the nodal
region and drops under the fermi surface in the antinodal
region.
The spectral function A(k, ω) = − 1
pi
ImG(k, ω + iη) of
this band structure at zero energy ω = 0.0 is shown in
Fig.1(b), which displays the fermi surface in the nodal
and antinodal regions. It is seen that the spectral func-
tion has a cutoff between the nodal and the antinodal re-
gions to form a fermi arc with a clean edge. In addition,
a weak fermi pocket appears connecting the fermi arc in
the nodal region. The two back sides of the fermi pocket
are clearly symmetric about the fBZ boundary. It is quite
similar to that observed in cuprates in 90’s by Marshall et
al[26]. In fact, this pocket spectrum can be easily under-
stood from the fermi surface shown in Fig.1(a). Mapping
the energy bands in the fBZ into the extended Brillouin
zone(BZ) (unfolded), one finds a main band (MB) and a
shadow band (SB) (see Fig.2a). Including the occupation
probability of the Fermi-Dirac function one obtains the
weak side and the strong side of the fermi pocket. Hence,
there is a close relation between the fermi arcs and the
band structure of a SDW state. The cutoff of the fermi
surface is in fact a nesting effect with a wavevector (π, π)
on the fermi surface. Further computations show that a
SDW state of underdoped cuprates creates similar fermi
arcs and fermi pockets.
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FIG. 2: (a) Fermi surfaces given by the logarithmic spectral
function A(k,ω = 0) in the first quadrant without pairing
potential. Other parameters are set to be t = 1, t′ = −0.4, µ =
−1.12, kT = 0.002, M0 = 0.7 for a hole concentration of 0.116
and a stripe wave vector (7π/8, 7π/8). The main band (MB)
is given by ǫk = µ and the shadow band (SB) is obtained
from a reflection of MB about the fBZ boundary. (b) The
Fermi surface of an under-doped Bi2Sr2−xLaxCuO6+δ sample
measured by Meng et al[3], where the red and green curves
are attributed to the umklapp bands and shadow bands.
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FIG. 3: Fermi surfaces given by the logarithmic spectral
function A(k, ω = 0) in the first quadrant of the BZ for ∆d =
0.2. Other parameters see the caption in Fig.3(a).
III. THE PSEUDOGAP STATE OF AN
UNDERDOPED CUPRATE
Granath and Andersen proposed a stripe model for
the pseudogap state in cuprates, where one-dimensional
transverse stripes with an 8-site periodicity produce fermi
pockets around the nodal region[16]. Their fermi pocket,
however, is not symmetric about the nodal point, and has
a too small size and wrong position in the BZ, not agree-
ing with observations. They cannot explain the diagonal
superstructure with wave vector (0.24π, 0.24π) observed
by Meng et al. To model this fermi pocket we consider a
diagonal stripe phase with wave vectorQ = (7π/8, 7π/8).
Inelastic neutron scattering has revealed that dynamical
magnetic correlations change from a diagonal incommen-
surate phase to a commensurate phase in La2−xSrxCuO4
in a low doping level (0.01 < x < 0.06). A short-range
diagonal stripe phase may still exist above this doping
level.
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FIG. 4: Spectral functions A(k,ω) at low energies with-
out pairing in the first quadrant of the BZ. Parameters see
Fig.3(a).
After diagonalizing the Hamiltonian numerically the
logarithmic spectral function A(k, ω = 0) of the lattice
is shown in Fig.2(a). It exhibits three fermi pockets on
the nodal line. The central one is strong while the other
two are a-few-order weaker. Surprisingly they have al-
most the same shape, size and position as those observed
by Meng et al. in underdoped La-Bi2201(Fig.2(b))[3].
They are apart by a wavevector of about (0.24π, 0.24π)
which also agrees well with the observed superstructure.
The red and green curves in Fig.2(b) were attributed to
the umklapp bands and shadow bands, and the curves
labeled as LPS, LP, HP were thought intrinsic. It is seen
that the present computation reproduces the intrinsic ex-
citations exactly.
In addition, strong spectrum weights still exist around
the antinodal region, not coincident with the measure-
ments. As pointed by Granath and Andersen a d-wave
BCS-type coupling may remove these excitation[16]. A
d-wave pairing Hamiltonian is given by
Hd = −
∑
k
(∆kC
†
k↑C
†
k¯↓
+ h.c.), (4)
∆k = ∆d(cos kx − cos ky)/2. (5)
After such a pairing potential is incorporated into the
stripe model the spectrum function is slightly changed
as seen in Fig.3. The central pocket and the outer one
still appear but the one close to the Γ point does not.
The most important is that the spectral weights around
the antinodal region disappears, in accordance with the
computation of Granath and Andersen[16] and the obser-
vation of Meng et al[3]. This is a two-gap picture for the
pseudogap phenomenon which goes into the temperature
region above Tc.
The spectral function A(k, ω) at low energies are shown
in Fig.4. It is clearly seen that the intrinsic excitations
LP and HP appear below the Fermi energy and gradually
move towards the Γ point but the MB moves outwards.
At the Fermi energy (ω = 0.0) the LP closes the Fermi
surface to form the central Fermi pocket. This shows
4ω
k y
 
 
−0.1 −0.075 −0.05 −0.025 0 0.025 0.05 0.075 0.1
0
0.2
0.4
0.6
0.8
1
Γ M
FE
(a)
ω
k y
 
 
−0.1 −0.075 −0.05 −0.025 0 0.025 0.05 0.075 0.1
0
0.2
0.4
0.6
0.8
1
Γ M
FE
(b)
FIG. 5: Spectral functions A(k, ω) at low energies along the
wavevectors as shown by the dashed lines in the inset with up-
to-down correspondence. (a) for Vd=0.0 and (b) for Vd=0.2.
FE denotes the Fermi energy.
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FIG. 6: The density of states in the antinodal region and in
the nodal region without a pairing potential (a) and with a
d-wave pairing potential Vd = 0.2 (b).
that the LP excitation is similar to the SB in the incom-
mensurate case of the stripe phase. According to this
understanding the other two pockets seen in the Fig.2(a)
are closed by the umklapp curves of the MB and the
corresponding SBs. Therefore, fermi pockets in cuprates
can be fully attributed to the short-range diagonal stripe
phase structure.
Fig.5 shows the comparison between the spectral func-
tions without and with a pairing potential. As seen in (a)
the spectral function peak is cut by the diagonal stripe
phase at two energies. Towards the M point (0, π) of the
BZ the two cuts gradually meet each other and spectral
weight lowers significantly at M. The stripe phase opens
a gap above the fermi energy (ω = 0) in the nodal region
and below in the antinodal region. After a d-wave pairing
potential is added a new cut at the Fermi energy appears
from (0.6π, 0.6π) towards the antinodal region but the
remaining parts of the spectral function do not change
significantly. Further computation shows that the pair-
ing potential almost keeps spectral function unchanged
on the nodal line. Therefore, it is believed that the Fermi
pockets in cuprates originate from the stripe phase struc-
ture but nothing to do with the d-wave pairing of elec-
trons. This further supports the two-gap picture of the
pseudogap in cuprates.
Finally we plot the partial densities of states (DOS)
in Fig.6 in the nodal region and in the antinodal re-
gion. The DOS is calculated by partially integrating
the spectral function over the corresponding region, i.e.
ρ(ω) =
∑′
k A(k, ω). As seen in (a) without a pairing
potential the partial DOS has a dip under the fermi en-
ergy in the antinodal region and a small valley above the
fermi energy in the nodal region, corresponding to the
cuts around the fermi energy in Fig.5(a). With a d-wave
pairing potential a clear dip appears at the fermi energy
mainly in the antinodal region as expected.
In this paper we studied the pseudogap state of
cuprates in a short-range diagonal stripe phase with wave
vectors (7π/8, 7π/8), which reproduces accurately the
positions and sizes of the fermi arc and fermi pocket and
the superstructure observed by Meng et al[3]. The low-
energy spectral function indicates that the fermi pocket
results from the main band and the shadow band at the
fermi energy. Above the fermi energy the shadow band
gradually departs away from the main band, leaving a
fermi arc. Thus we conclude that the fermi arc and fermi
pocket can be fully attributed to the stripe phase but has
nothing to do with pairing. Incorporating a d-wave pair-
ing potential into the diagonal stripe phase the spectral
weight in the antinodal region is removed, leaving a clean
fermi pocket in the nodal region.
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